Functions with support in a lacunary system of intervals and 
cyclicity for the semi-group of left translations 
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Abstract 

We prove in the vector- valued spaces L 2 (R + , X) (where X is a finite dimensional 
Hilbert space) the cyclicity for the semi-group of left translations of some particular 
functions with support included in a lacunary system of intervals. 

, Introduction 

Let L 2 (R + ) be the space of measurable functions on R + = [0, oo) such that 

^ ! 

\\f\\ 2 = (jf |/(x)|W) 2 <oo 

O ; 

. and let {S%)t>o be the semi-group of left translations where 

O : Stf(x) = f{x + 1) x > 0, t > 0. 

o ■ 

J> ! If f € L 2 (R + ), we define £?/ := span^^ ^Sij* f : t > 0), and we say that / is cyclic if 

E f = L 2 (R + ). 

We introduce the following definitions for the class of functions we will work with. 

Definition Let X be a Hilbert space. A sequence (ak)k>o of elements in X is said completely 
relatively compact (c.r.c.) if for any orthogonal projection P : X — > X and r\ = {k > : 
Pak 7^ 0}, the sequence ( ||pn*|| ) fcST? is relatively compact in X. 

oo 

Definition A lacunary system of intervals A = [ak, bk] is a countable union of intervals 

fc=i 

[ak, bk] verifying the following statements: 

(1) a k <b k < a k+1 V k > 1; 

(2) sup-^- < 1. 

k>l a k+l 

The main result in this paper is Theorem 11.31 which states that a function / 6 L 2 (M + ) whose 

oo 

support supp(f) is included in a lacunary system of intervals A = [a k , b k ] is cyclic in 

k=l 

L 2 (K + ) under both conditions 
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(1) c = sup|6 fc - a k \ < oo; 

fe>i 

(2) the sequence (fk)k>i where fk(t) = f(t + dk), < t < c is c.r.c. in L 2 (0, c). 

We also generalize this result to the case of vector- valued functions and Theorem 12.21 gives a 
criterion of cyclicity for functions in L 2 (R + , X) when statements (1), (2) hold. 

1 The scalar case L 2 (1R + ) 

We first need some well known results in the theory of invariant subspaces and in particular 
the property of unicellularity for Volterra operator (for completness see [5]). 

Definition 1.1 Let X be a Banach space and let T be a bounded operator on X . 
The operator T is said unicellular if Lot T is totally ordered. 

A Volterra-type integral operator on L 2 (0, 1) is an operator K of the form 

(Kf){x) = [ X k(x, y)f(y)dy, 
J o 

where A; is a square-integrable function on the unit square. The Volterra operator is the 
particular Volterra-type operator obtained when k is the constant function 1, For any a G 
[0, 1] let 

M a = {f € L 2 (0, 1) : / = a.e. on [0, a]}. 

It is clear that {M a : a 6 [0, 1]} C LatK for any Volterra-type integral operator. 

The following theorem plays an important role in the construction of our result (see [H p. 68]). 

Theorem 1.1 Volterra operator is unicellular and 

LatV = {M a : a G [0, 1]}. 

To connect the semi-group of translations (5* t *)f>o with the Volterra operator, we recall the 
following result from [3]. 

Lemma 1.1 If M is a closed subspace in L 2 (0, a) and St is the semi-group of right transla- 
tions then, 

S t M CM, V t > ^ VM c M. 

The description of invariant subspaces for the Volterra operator, its unicellularity and the 
connection with the semi-group of right translations leads to the next theorem which is a 
direct consequence of the previous facts. 

Theorem 1.2 / € L 2 (0, a), a G supp(f) E f = L 2 (0, a). 

Remark 1.1 In what follows, it is important to see that we embedded L 2 (0, a) in L 2 (0, oo 
by extending any function of L 2 (0, a) in (a, oo) by 0. 

We can now start the construction of our proof. 
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Lemma 1.2 Let A = ^ ) [a k , be a lacunary system of intervals on R+. 

fc=l 

T/ie function <j){x) = card{(aj — a kl 6j — a&) : x € (a, — cifc, bj — a^)} is bounded on M.+ . 

Proof : It is a slight adaptation from the discret case to the continous one (see [I]). Since A is a 

lacunary system of intervals, there exists a > 1 such that inf — — > d. Let M > be such that 

fc>i b k ~ 

d M ^ 1 (d—l) > 1 and let x G K + . Then there exists a finite set J such that Vj G J, aj—a k <x< bj—a k . 
Denoting by jo the smallest index in J such that bj > x, we prove that if j G J then jo < j < jo + -W- 
The first inequality is trivial, while for the second one we argue by contradiction. Suppose that 
j > jo + M. This implies 

a,j — ak > aj — bj-i > (d — 1 ) i» j — i > {d — l)d M ~ 1 bj > x. 

If aj — a k > x then x $ (a,j — a k ,bj — a k ) which contradicts that j G J. Consequently, 4>(x) < M for 
every x G M + and thus 4> is bounded. □ 



Let / G L 2 (M + ) be such that supp(f) C A. Then / can be written 

f = 5Z 5fc ' with su PP(9k) C [a fc , 6 fc ], 
fe>i 

or, equivalently, 

f( x ) = y~)fk(z - a k), where f k € £ 2 (0, & fc - a k ) C L 2 (M+). 
fe>i 



k=l 



Theorem 1.3 Let f G L 2 (IR + ) and supp(f) C A, where A = [a^, 6fc] is a lacunary system 
of intervals. Suppose that 
i) c = sup|6fc — ojfel < oo; 



k>l 

fk 



ii) (]nnr)fe>x zs relatively compact. 

Then f is cyclic in L 2 (R + ). 
Proof : For any k > 1, 



IIMI IIMI ££ll/*ll 

Let r-fc = ^ M j r . We use in the first step the same approach developped by R. G. Douglas, H.S. 

Shapiro, and A.L. Shields (see [l]). We consider neighborhoods of the form 

V = {he £ 2 (R+) : \{h,hi)\ < 1, 1 < i < n}, 

where hi, (i — 1 . . . n) are fixed functions in L 2 (R+). 

Suppose that none of the r k is in V. Then 1 < max \{r k , hi)\ V k > 1. 

l<i<n 
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We obtain that 

fbn—ak 



{rk, hi)\ < 



\\fk\\ JajKxKbj 

Therefore, 



^/ i ( a: -a i +a fc )/ li (x)|^<^(^||/ J || 2 ) l (^/ 3 ^Mx^dxf. 
j>k ll/fe|1 j>k j>k Ja j- a k 



— — „--^ »_•/ au— at a i --^ ffli -at 



j>fe 

and so, by summing on fc, 

fe>l / J\Jj\\ i=lk>lj>k Ja i~ ak 
j>k 

The left-hand side of the above inequality diverges. It suffices to prove that the right-hand side is 
bounded to have a contradiction and to conclude. The second step is to show that 



rOj—ai, 

/ \hi(x)\ 2 dx < oo. 



k>lj>k J a i~ a k 

Suppose 4>[x) = E^E^( a i~ a fc- b J~ a fc)( a ')' anc ^ n °t e that the function <fi can also be written in the 

k>lj>k 

following form, 

4>(x) = card{{a 3 - ak,bj - ak) : x G (a, - a%, bj - ak)}. 

According to Lemma [L2j <f> is bounded, so there exists M > such that 4>{x) < M for every x G M+. 
It follows that 



/Oj-a k r 

\hi(x)\ 2 dx = Xi^-a^-au^lhiix^dx 

K^LJ^K -3- a k k>lj>k'' R + 

= J R Y^ll x ^- a ^-a k ){x)\hi{x)\ 2 dx 



+ k>lj>k 

x)\hi(x)\ 2 dx < M I \hi(x)\ 2 dx < oo. 



Then each weak neighborhood of contains at least one of the (rk)k>t- From 

and since (fk/\\fk\\)k>i is relatively compact, there is a subsequence (fcj ( )i>i, such that (/&, /Il/fe 3 ll)i>i 
converges weakly to a limit g ^ and therefore g G Ef. 

Setting b — sup supp(g), condition (i) gives that < b < oo and g G £ 2 (0, 6). 
Note that E g c because S$Ef C E f V t > 0. We apply Theorem [PI and. 



£ 3 - L 2 (0, 6) c 

Reasoning as before for S^ k _T where T > is arbitrary and k is such that ak > T, we obtain 
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We extract again a subsequence, )ii)j>i whose limit g is a nonzero function such that g G Ef 

and supp(g) C [T, c + T}. Since b = sup supp(g) > T and by Theorem 11.21 we obtain 

L 2 {0, T) C Ef V T > 0. 

Finally, ^(l+Jcfi/. □ 



2 The vector- valued case L 2 (R + , C n ) 

In this section, we generalize the previous result to L 2 (R + , X) where X is a finite dimensional 
Hilbert space. Let c > be a constant and (fk)k>i be a c.r.c. sequence in L 2 ((0, c), X). 
Then the sequences ( ||p/y )fcg r? are relatively compact in -L 2 ((0, c), FX) for any orthogonal 
projection P : L 2 (0, c; X) -» L 2 (0, c; X), where 77 = {/c > 1 : ^ 0}. 

The next lemma is the first step for the generalization to vector-valued functions. 

00 

Lemma 2.1 Let f € L 2 (R+, X) and supp(f) C A = [a^, bk] where A is a lacunary system 

fc=i 

of intervals. For any k > 0, we consider fk(x) = f(x + a^), with supp(fk) C [0, bk — at] and 
suppose that, 

i) sup|6fc — a^l < c < 00. 

k>i 

ii) CtT^Tt) fe>i * s re ^ a ^ ve ^y compact in L 2 (0, c; X). 

T/ien, £/iere exists a nonzero function g G L 2 (0, c; X) smc/i that Stg £ £/ powr tout t > 0. 

Proof : It is almost the same as the proof of the first part of Theorem 11.31 with some minor technical 
modifications and we change the products fj{x — aj + ak)hi(x) by the scalar products (fj(x — aj + 
a fe ), hi(x)) X - □ 



Remark 2.1 In fact, we can prove more, however it is not necessary for what follows. The 
function g verifies 

StgeEs^f Vt, u>0. 

Let c > 0, and let M be a subspace of L 2 (0, c, X). Recall that any space L 2 (a, b; X) can be 
seen as a subspace of L 2 (]R + , X). We take 

L 2 ®M = span L2(R+ ^ x) (S t M : t > 0) = cZos_ L 2( K+)X ){5jPi sW ij : rrii E M, supp(ipi) compact 

i 

where ^ are functions in L 2 or L 1 (there is no influence on the result and the sums are finite). 
With this notation, we have the following. 

Corollary 2.1 Let f as in Lemma WJ\. 

There exists a closed subspace M = M(f) C L 2 (0, c; X) such that 
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(a) M(/)^{0}. 

(b) L 2 (g)M(/) C Ef. 

(c) If he L 2 (0, c; X) and L 2 ® h C E f , then h € M(f), ("M(f) is "maximal"). 

Proof : Lemma [2TT1 gives the existence of one closed subspace M satisfying (a) and (b). According to 
the definition of the "product" L 2 <g M, it is clear that if L 2 <& M a C Ef (a G A), then L 2 <g M C £/ 
where M = span L 2^ 0c . x ^(M a : a G A), which proves property (c). □ 

The following theorem contains other properties of the subspace L 2 ®M(f) C Ef in Corollary 
12.11 which are connected with the possible cyclicity of the function /. 

Theorem 2.1 Let f as in Lemma [Kl\ such that the sequence (fk)k>i is c.r.c. in L 2 (0, c; X) 
and let F = L 2 <S> M(f) be the subspace in Ef defined in Corollary \2.1\ Then 

(i) S t F C F C Ef for any t,t>0. 

(ii) f = g + h where g G F and supp(h) is compact. 

(Hi) Let -E'M(Z) = s P an L 2 (M. + , X)(St M (f) '■ t > 0) be the S% -invariant subspace generated by 
M(f). Then, E M{f) C L 2 (0, c; X) and 

Ef = clos L 2 (R+:X) (L 2 ® M(f) + E M(f) ). 

The subspaces L 2 ® M{f) and ^m(/) are °f the form 

L 2 ® M(f) = F(Q 1 H 2 (C+, Xi)), E M{f) = L 2 (R + , X) Q F(Q 2 H 2 (C + , X 2 )), 

where Xi C X(i = 1, 2), T is the Fourier transform, Oj are left inner matricial functions, 
®i(z) : Xi — > X and @ 2 is a left divider of e lcz Ix- 

Proof : Assertion (i) is obvious by the definition of F. In order to prove (ii), observe that the sum 

k>l 

with convergence in L 2 (R + , X) is in L 2 (g> M. In particular, it is the case for ifk = Pntfk where the 
fk are the functions of the lacunary decomposition of /, Pm is the orthogonal projection on M in 
L 2 (0, c; X). Then, the function 

h = f-g = 22s ah P M ±fk 
k>i 

is in Ef, where M 1 - = L 2 (0, c; X)QM. It is clear that all limits of the sequence (i 3 M- L /fc/ll-f > M- L /fc||)fc>i 
are in M . Therefore, the support supp(h) is compact or otherwise using the c.r.c. property of (fk)k>i, 
and by applying again Lemma [2Tl to the function h we obtain a nonzero function ip G Ef H M x such 
that Stf G Ef for any t > 0; which gives a contradiction with the definition of M = M (/). 
To prove (Hi), we note that L 2 ® M(f) c Ef and E M ^ C Ef H L 2 (0, c; A), which lead to 

dos LHM+ >X) (L 2 ® M(f) + E M(f) ) C E f . 

In order to establish the converse inclusion, we consider a finite combination g = J2k Sak^k, <Pk £ M. 
For any t > 0, we have 

GEfc<t 0-fc<t (ik>t 
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where S^_ at ipk is in £^m(/) and Sa k -t<Pk in L 2 <g> M(f). This shows that the 5 t * -invariant 

a k <t a k >t 

subspace generated by L 2 C5> M(f) and -Em(/) is in dos L 2( R+ ,x){L 2 ® M(f) + E M ^). But this 
subspace contains also Ef , so Ef C cZos£2( R+ x)(£ 2 <8> -^(/) + 

The representations for L 2 eg) M(/) and -Em(/) come from Lax-Halmos Theorem and the fact that the 
inclusion 

£ M(/) = L 2 (R+, X) e ^(eai? 2 ^)) C L 2 (0, c; X) = L 2 {R+, X) Q T{e lcz H 2 {X)) 

is equivalent to the mentioned division in the statement (see, e.g., [3l p. 19]). □ 
We give the Fourier transforms of the previous objects, 

F = F-\f) G H 2 (C + , X), £ F = F-\E f ) = span H 2 {c+ ^ x) {P + e~ itz F : t > 0), 

M(f) = F-\M(f)) c T-\L 2 (0, c; X)) = K e = F 2 (C+, X) e ## 2 (C+, X), 
where 9 = e lcz , 

Hi M(f) := ^ X (L 2 ® M(/)) = span^ 2(c+jX) (e i * 2 >I(/) : t > 0) = 6 lJ ff 2 (C+, Xx), 

= = ^e 2 := # 2 (c+, x) e e 2 H 2 (c + , x 2 ). 

Corollary 2.2 Under the hypotheses of Theorem \2.1\ and with the previous notation, we have 

£ F = clos H 2 {c+: x){@iH 2 {C+, Xi) +K e2 ), 
and dimXi = Rank(M(f)), where 

Rank(M(f)) = max(dim{<S>(z) : $ G M(f)} : Im(z) > 0). 

Proof : The first formula is the Fourier transform of the one in part (in) of Theorem [2TTJ The second 
comes from 

dimX x = max(dim{$(z) : $ e 9ii7 2 (C+, X x )}, 
and from the definition of 6i, span H 2 {c+ ^ x) (e itz M(f) : t > 0) = 6iff 2 (C+, Xl). □ 



Lemma 2.2 Let f € L 2 (M + , X) be as in the statement of Theorem \2.1[ and suppose that 
dimX < oo. IfRank(M(f)) = dimX, where M(f) = F- x (M(f)), then Ef = L 2 {R + , X) 
(f is cyclic). 

Proof : If dimXi — dimX then X\=X, and 

(detei)i7 2 (C+, X) c QiH 2 {C+, X) c £ F . 

We have that P+e~ ltz £ F C £ F , t > 0, 9 = det(&i) is a scalar inner function and the P + e _J * 2 -invariant 
subspace generated by 9H 2 (C+, X) coincides with H 2 (C+, X). Indeed, if 4> n are the Fejer polynomials 
of 9, then 

lim \\P+$ n 9f - f\\ 2 = lim \\4> n (S*)9f - /|| 2 = 0, 

n—>-oo n—*oo 

for every / e H 2 (C+, X), and therefore, £ F = H 2 (C+, X). □ 
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Theorem 2.2 Let f G L 2 (M + , X) satisfy the conditions of Theorem \2.1l and suppose that 
dimX < co. Then, f is cyclic for the semi-group (S*)t>o in L 2 (IR + , X) if and only if 

Rank{M{f)) = dimX, 

where M(f) = ^~ 1 {M{f)). 

Proof : The sufficiency part was proved in Lemma [231 Conversely, if / is a cyclic function then 

S F = H 2 (C+, X) = clos H 2 (C+tX) {Q 1 H 2 (£ +1 X x ) + K &2 ), 

by Corollary [221 Taking 9 — e lcz and since K® 2 C Kg, we obtain 

H 2 (C+, X) = P+d(H 2 (C+, X)) = clo SH 2 {c+tX) (P + ee 1 H 2 (C + , X,)). 

This implies that the subspace 6ii/ 2 (C + , Xi) is (P + e- 4 * z ) t > -cyclic in H 2 {C+, X). 
Suppose now that Rank(A4{f)) < dimX. Then, using again Corollary I2.2[ dimX\ < dimX. 
According to the Lemma of Complementation (see [5]), there exists a (bilateral) inner function, 
9(z) : X — > X such that 6|xi = @i- Taking into account that the multiplication by a left in- 
ner function is an isometric application, we have 

6i J ff 2 (c+, Xi) i e'i? 2 (c+, x'), 

where X' = X Q X l ^ {0} and 9' = 6| X '- 

Therefore, Q 1 H 2 {C + , X{) _L e ltz O'H 2 (C + , X') for any t > 0, which leads to a contradiction with the 
cyclicity of 9i# 2 (C + , X^. Finally Rank(M(f)) = dimX. □ 



Remark 2.2 The S% -invariant subspace Em(/) which is included in L 2 (0, c; X) has the Fourier 
transform such that 

E MU) = L 2 (0, c; X) e T(QH 2 (X)), 

where is an inner function with the spectrum {0}. This leads after the change of variable 
z = (x — i)/(x + i) and according to the Theorem of factorization (see [2]) to have, 




where [i is a positive matricial measure. 

We end with a simple and instructive example. 

Example: Let X = C 2 , a k = 2 k , b k = 2 k + 2, / = {ip x , ip 2 ) where ipi = ^2k9kXA k , with 
<7fc nonzero continuous functions on A k = [2 k + 1, 2 k + 2] such that ^ fc ||5fcXA fc || < oo, and 
(f2 = S*cpi. With convenient functions g k , we can have the space M(f) of infinite dimension, 
but with Rank(J r M(f)) = 1. The function /, of course, is not cyclic. ■ 
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